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OO ■ Abstract. Assume that T is a conservative ergodic measure preserving trans- 

fS) ■ formation of the infinite measure space {X,A,li) .We study the asymptotic be- 

haviour of occupation times of certain subsets of infinite measure. Specifically, 
we prove a Darling-Kac type distributional limit theorem for occupation times 
^J , of barely infinite components which are separated from the rest of the space 

^J ■ by a set of finite measure with c.f.-mixing return process. In the same setup 

we show that the ratios of occupation times of two components separated in 
this way diverge almost everywhere. These abstract results are illustrated by 
rrt , applications to interval maps with indifferent fixed points. 
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lO ' 1- Introduction 

^ . 

f~^ I Let T be a conservative ergodic measure preserving transformation (c.e.m.p.t.) 

^^ . of the (j-finite measure space (X, ^, /i) with ^.{X) = oo. We are interested in 

^^ I the long term statistical behaviour of occupation times S„(A) :— X]fc=o ^^ ° ^'^j 

r^ ' n > 1, of suitable sets A with fi{A) = oo. The results we are going to prove in 

"ti I the subsequent sections apply in particular to infinite measure preserving interval 

maps with indifferent fixed points, and we now illustrate them in this setup. For 
simplicity we restrict our attention to the prototypical situation of transformations 
with two full branches (for a more general framework see e.g. [Zl j ) . As in T5 we 

k>( " shall consider maps T : [0, 1] -^ [0, 1] which fulfil the following conditions for some 

^: ce(0,l): 

(1) The restrictions T |(o,c): T \(c.i) are C^-diffeomorphisms onto (0, 1), admit- 
ting C^-extensions to the respective closed intervals; 

(2) T' > 1 on (0, c] U [c, 1) and r'(0) ^ T'{1) = 1; 

(3) T is convex (concave) on some neighbourhood of (1). 

Let A denote the Borel-cr-field on [0, 1] and let A be Lebesgue measure on A. As 
proved in |T1| . |T2| . T is conservative and exact w.r.t. A and preserves a tr-finite 
measure /i equivalent to A. The density dfj,/dX has a version h of the form 

X( 1 — Xi 

h{x)^ho{x)- -, a;e(0, 1), 

{x - fo{x)){fi{x) ~ x) 
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where /o '■— {T |(o,c))^^, /i '■— {T |(c,i))~^, and ho is continuous and positive on 
[0, 1]. Maps of this type are known to have further strong ergodic properties, see 

e.g. m, ES], m 

We will be interested in occupation times of neighbourhoods A, B of the indif- 
ferent fixed points a; = 0, 1. As the invariant measure of [0, 1] \ (^ U B) is finite, 
almost all orbits spend most of their time in A U B (i.e. n~^ X)fe=o ^a\jb oT^ ^r 1 
a.e.), and we investigate the asymptotic behaviour of X]fe=o ^^ ° "^^ ■ When taken 
sufficiently small, the neighbourhoods A, B are dynamically separated in the sense 
of the following definition. 

Dynamical separation. Let T be a map on X. Two disjoint sets A,BcX 
are said to be dynamically separated by Y d X ii x Cz A (resp. B) and T"'x G B 
(resp. A) imply the existence of some k — k(x) S {0, . . . ,n} for which T'^x E Y 
(i.e. T-orbits can't pass from one set to the other without visiting Y). 

Remark 1. a) Let T be an interval map as above. Small neighbourhoods of the 
indifferent fixed points are dynamically separated by the interval [/o(c), /i(c)]. 

b) If the sets A, B are dynamically separated by Y , then so are any subsets 
A' CA,B'C B. 

Distributional convergence. If z^ is a probability measure on the measur- 
able space {X,A) and {Rn)n>i is a sequence of measurable real functions on X, 
distributional convergence of {Rn)n>i w.r.t. ly to some random variable R will be 

denoted by i?„ =^ R. Strong distributional convergence Rn => R on the cr-finite 
measure space {X, A, /i) means that i?„ =^ R for all probability measures v <^ ^. 
If T is a nonsingular ergodic transformation on {X, A, fi) , compactness implies that 

if Rn oT — Rn — > 0, then i?„ => R as soon as i?„ =^ R for some u -^ pL (compare 
section 3.6 of jSOl or [H]). 

We let TZa denote the collection of functions regularly varying of index a at 
infinity, and interpret sequences (a„)„>o as functions on R-|_ via t i — > auy For 
a G (0, 1), Qa denotes a random variable distributed according to the one-sided 
stable law of order a, characterized by its Laplace transform E[exp(— tCy„)] = e~* , 
i > 0, and Qi := 1. Then the distribution of the variable J^q := r(l -I- a)5~", 
a G (0, 1], is the normalized Mittag-Leffler law of order a (see section 3.6 of j AOj ) . 

If T is some c.e.m.p.t. of the cr-finite measure space {X,A,fJ,) and M Q A, 
fJ.{M) > 0, the return time function of M under T, defined as ipM{x) '■= min{n > 
1 : T"x G M}, X G M, is finite a.e., and the induced map Tm ■ M -^ M, 
Tmx := r'^'>f(^)a;, is a c.e.m.p.t. on {M,An M,fi UnA/)- There is a natural du- 
ality between the occupation times Sn '■= S„(M) and the successive return times 
^M,n ■= J^IZq ^m °Tlj,n>l, in that 

(1) Sk > n ^=^ ipM.n < k on M. 

Whence, if a G (0,1], (a„) G TZa, and (6„) G 7?.q-i is the asymptotic inverse of 
(o„), then for any probability measure v on {M,Ar] ill), 

(2) Sn=^ya iff J-V^AIji =^ Ga- 

By the Darling-Kac theorem for measure preserving transformations (cf. jAO| . 
IKT\). this is what happens if T : [0,1] -^ [0,1] satisfies (l)-(3) with Tx = x + 
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x^+P°eo{x) and I - T{1 - x) = x + x^+P^ei{x) near 0+ with po,pi > 1 and 4,^1 
slowly varying, and a :— max(po,Pi)^^, provided that fJ.{M) < cxd. We show that 
this behaviour may persist for certain infinite measure sets M: 

Theorem 1 (Distributional limits for barely infinite cusps). Let T : [0, 1] -^ [0, 1] 
satisfy (l)-(3), and assume thatTx = x + x^^P"iQ{x) and l — Til — x) = x + x'^£i{x) 
near 0^ with po > 1 andiQ,£i slowly varying, Then 

for any M G A with ijl{M A (c, 1)) < cx3, where a := Pq , and c £ TZa is de- 

fined as c{t) := a~' ( r(2-a)V(i+a) Eto(^+/o (1) + ^"(1 - /I'W))]-^) wtth 0± := 

l/(r'(c*)), anda^^ asymptotically inverse toa{t) := t/[9^ Efc=o(-'-^-^i'('^))]' ^ — 1- 

Weak law of large numbers for cusp visits. Notice that in case pq = a = 1 
we have J^q, = 1 and the theorem therefore provides us with a weak law of large 
numbers for this situation. In the balanced case (i.e. if 1 — T(l — x) ~ a^^{Tx — x) 
as X — + 0^ for some a e (0, cxd)), this weak law is contained in |T5| . 

Example 1 (The standard examples of indifferent fixed points). // Tx = x + 
aox^+P" + o{x^+Po) and 1 - T(l - x) = x + aix^ + o(a;^) near 0+ with po > 1, then 
(again writing a :— p^ ) we find that 

\ o_fe±^e_\-\^ ifpo = l 

c(n) - < °iW" "!/_ ■' ^^ 

[ r(2-a)r(l+a) 0+ a" ' " l^S " ^f PO > I ■ 

To see this, recall (cf. jT2j ) that as n -^ cx), X)fc=o(-'^ ~ fii^)) ^ ^i ' log^i, and 

{ agi-logn if Pa = I 

/o (1) - 



n-l 



k=0 



T^(^) "•"''" */Po>l. 



Our second result concerns the pointwise behaviour of the ratios S„(A)/S„(i?) 
where A, B are neighbourhoods of the two fixed points. It shows (e.g.) that the 
weak lag of large numbers for cusp visits has no strong version (unless both cusps 
have finite measure) and extends some earlier results in this direction (compare 
lET] . |IS2| and USD- 
Theorem 2 (Almost sure divergence of occupation time ratios). Let T : [0, 1] -^ 
[0, 1] satisfy (l)-(3), and consider A := [0, 5a), i? :== (1 - Sb, 1], 5a, 5b G (0, 1). 

a) In any case, 

hm =0 a.e. or hm = oo a.e. (or both). 

b) IfTx-x = 0{l-x- T(l - x)) as x -^ 0+, then 

— SnjA) 

In particular, if Tx — x x 1 — a; — T(l — a;) as x —f 0+, then 
hm =0 a.e. and hm = oo a.e. 

n^ooS„(i3) n^ooS„(_B) 



4 J. Aaronson, M. Thaler, R. Zwciinullcr 

c) // Tx ^ x^ x^+PHo{x) and l-T{l-x) = x + x^+'i'Hi{x) near 0+ with 
pi > po > 1 andio,£i slowly varying, then 

lim =0 a.e. 

n^oo Sn[B) 

In fact, the abstract result of section0]below covers a few more subtle situations, 
we refer to the examples given there. 

Observable measures. For x € [0, 1] let Vt{x) denote the set of accumulation 
points (in the space of Borel probability measures on [0, 1] equipped with weak 
convergence) of the empirical measures Vnix) :— n^^ J2k=o ^t^xj n > 1. A Borel 
probability z/ on [0, 1] is called observable (for T) if \{{x : v € ¥r(x)}) > 0. It is 
an SRB (Sinai-Ruelle-Bowen) measure (for T) if A({x : Vt{x) = {i^}}) > 0. By 
the ergodic theorem, since ^((e, 1 — e)) < oo, we have t'„((e, 1 — e)) ^ for any 
£ £ (0, 1/2). Therefore, hm„^ooS„(A)/S„(i3) = oo a.e. imphes Sq G Vt{x) for a.e. 
X e [0, 1], so that So is observable. If in addition lim„__.^^S„(A)/S„(i?) = a.e., 
then 6i is observable, too, and we have Vt{x) — {pSo + (1 — p)5i : p £ [0, 1]} for 
a.e. X £ [0, 1]. (As shown in 'Z2', there are maps T satisfying (l)-(3) which exhibit 
similar behaviour even for Vn '■= n~^ X]fc=o ^ ° -^'^' '^ ^ 1j whenever i? is a Borel 
probability absolutely continuous w.r.t. A.) Finally, if lim„^oo S„(yl)/S„(i?) — 
a.e., then Sq is the unique SRB measure for T. 



2. A DISTRIBUTIONAL LIMIT THEOREM 

FOR BARELY INFINITE COMPONENTS 

Let T be a c.e.m.p.t. of the tr-finite measure space {X,A, p). For the occupation 
times of sets B £ A under the action of m.p.t.s with sufRciently good mixing prop- 
erties, distributional limit theorems have been obtained in the case that p{B) < oo, 
cf. |A0| . lAlj . and in the case that p{A) = p{B) = oo, where A, B are dynamically 
separated by a suitable set Y and there is very good balance between the return 
distributions to either side, cf. | T5| . Below we are going to discuss the asymptotic 
distributional behaviour , without any assumption on balance, but supposing that 
the component B is " barely infinite" , meaning that we are at the borderline to finite 
measures. We show that distributionally the occupation times of such a set still 
behave as in the finite measure case as they converge (with different normalization 
though) to Mittag-Leffler laws. This generalizes the Darling-Kac limit theorem to 
certain sets of infinite measure. 

Let S be some m.p.t. of the probability space (SI, B,P). A partition 7 of SI (mod 
P) will be called continued-fraction (cf.) -mixing for S if it is nontrivial mod P and 
if 00 > i^jin) — > as n — > 00, where the ^-mixing coefficients ipry{n), n > 1, of 7, 
are defined as 



ip-y{n) := sup • 



, p(vnw) 

log 



PiV)P{W) 



k>0 ^e'^(V-ro'5-^7), P{V)>0, 

-"' W£S-My,>oS-'i), P{W)>0 



Theorem ^ for interval maps is a special case of the following abstract distribu- 
tional limit theorem for occupation times of barely infinite components dynamically 
separated from the rest of the space by some cyclic set with c.f.-mixing returns. 



Occupation times of sets of infinite measure 5 

Theorem 3 (Distributional limits for barely infinite components). Let T be a 
c.e.m.p.t. of the a-finite measure space {X,A,iJ,). Suppose that X ^ A(J B (dis- 
joint), iJ,{A) =/x(B) =00, and pl{Y) < 00 withY := YaUYb := (BnT^^yl) U (An 
T^^B). Then Y dynamically separates A and B, and Ty cyclically interchanges 
Ya and Yb ■ 

Assume that Ya, Yb, and the return time Lpy are measurable w.r.t. some par- 
tition 7 such that 72 := 7 V Ty 7 is c.f. -mixing for Ty \ya '^''^d Ty \yb- -^6^ 
LA{t) '■— Jy [fY A t)d^, and LB{t) := jy (ifY A t)dfi, t > 0. If La G Ti-i^a, 
a G (0, 1], and Lb G Ti-a, then for any E (z A with fi{E A B) < 00, 

^ n — l 

c(n) ^-^ 

^ ' fc=0 

where c G Ua, c{t) := a^^ ( r(2-a)r(i+a) LA(t)+LB{t) ) ' ^ - ^' ™^^ "s^ asymptoti- 
cally inverse to aB{t) '■= t/LB{t). 

Again the a — 1 case provides us with weak laws of large numbers. Our re- 
sult is flexible enough to cover situations in which weak laws with rather unusual 
normalization arise: 

Example 2 (Weak law with oscillating normalizing sequences). There are systems 
satisfying the assumptions of theorem\^ with a — 1 for which 

(3) ltn2^=o and JkK^^l. 

n^oo n n^oo n 

To see this we construct suitable pairs of return distributions by specifying La and 
Lb- For any continuous increasing concave function L > with L{t)/t —^ as 
t — > 00, there is some N-valued random variable Lp for which const ■ L(t) ~ E[(p A t] 
as t —I- CX3. Assume that La, Lb G TZq in addition satisfy LA{t), LB(t) Z' 00, 
Xm\^__^^^_L AJt'] I Lnit) = 0, and Xmit^ooL A^t) j LB^t) = 00. Define aB(t) := t/LB{t) 
and c{t) := a~j^ {t/{LA{t) + LB{t))), then the uniform convergence theorem for 
regularly varying functions (cf. |BGT| ) implies |0)- Therefore it is enough to 
construct La , Lb with the above properties. 

We are going to take LA{t) := exp[/j^ ^"^^ dy], t > 1, with a suitable decreasing 
piecewise constant function e a ■ [l,oo) -^ (0,1), £A{y) = X]n>i '^^(") ' l[tn,tn+i)(y) 
with KA{n) G (0, 1), KA(n) \ 0, 1 — ti < t^ < ■ ■ ■ < tn /^ 00, and analogously 
for Lb. Then La, Lb are continuous, strictly increasing, and slowly varying. The 
required oscillation property will imply that LA(t), LB{t) /* 00. It is easily seen 
that functions of this type are concave. 

For example, we may take KAi'^n) :— KA{'2n + 1) := (2?! + 2)^^ and KA{'2n + 
1) :~ KA{2n + 2) :— {2n + 3)^^ for n > 0, and inductively define the tn as follows. 
If, for some n > 0, ti, . . . ,t2n+i have been constructed, we choose t2n+2 > t2n+i so 
large that 

LA{t2n+i) KAi2n + l)*-"+--*^"+i > „ . LB(t2„+i) KB{2n + l)*2"+=-*="+i, 

which is possible since KA{2n+l) > KB(2n-\-l). Then LA{t2n+2) > ri ■ L b {t2n+2) . 
Analogously, if for some n > 1, ti, . . . , t2n have been constructed, we choose t2n+i > 
t2n so large that 

LAit2n) KA{2nY^-+'~'-" < 71-1 •Ls(t2n)i^i3(2n)*^"+i-*=", 
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and hence LA{t2n+i) < n^^ ■ LB{t2n)- 

As a preparation for the proof of the theorem, we now recall a few important 
facts about wandering rates. 

Remark 2 (Basic properties of wandering rates). LetT he a c.e.m.p.t. of the 
a-finite measure space {X,A,fJ.), fJ-iX) — cx3. Recall (see e.g. section 3.8 of |A0| ) 
that the wandering rate of a set Y ^ A, Q < fJ.{Y) < cx3, under T is the sequence 
defined by Wn{Y) :— /^(IJ^^o T^'^Y), n > 1, which always satisfies Wn{Y) Z' oo, 
Wn{Y)/n \ 0, and Wn+i{Y) ^ Wn{Y) as n ~* cx3. Its importance for probabilistic 
questions is obvious from the observation that it equals the truncated expectation of 
the return time tpy of Y : Wn{Y) = Jyi^Y A n)d^, n > \. The wandering rate 
depends on Y , and, given T , there are no sets with maximal rate. Still, T may 
have sets Y with minimal wandering rate, meaning that \mi ri.^nr;Wr,{ Z) / WnJY) > 1 
for all Z £ A, < /i(^) < oo. // this is the case, we let W(T) C A denote the 
collection of sets which have minimal wandering rate under T, and simply write 
{wn{T))„>i for any representing sequence. Below we shall use the easy observation 
(implicitly used e.g. in |A1| and |T2| ) that 

(4) E,F eW{T)=^ EUF eW(T). 

To verify this, notice thatWn{ELlF) = w„(-B)+^(UfeIo ^"''-P'\Ufe=d T-''E), n>l. 
Since Wn{E) ~ Wn{F), it is enough to check that the rightmost term is o{wn{F)) as 
n — > oo. Choose some K > for which F := Fr]T~ E has positive measure. Then 
Wn-K{F) ^ Wn{F) ~ Wn{F) asFe W{T). Now ^il\JlZl T-'^F \ U^Zo T-^'E) < 

t^iUVo T-'F \ Ul-^' T-'^F) = Wr^F) - Wr^^KiF) = 0{Wr.{F)). 

Proof of theorem\^ Assume w.l.o.g. that ij.{Ya) — 1. Let us first consider the 
specific set E := BUYb. We are going to prove the equivalent dual statement 

_. n— 1 

where d{n) := b{n/ Lsin)), n > 1, with b G TZi. asymptotically inverse to n i-^ 
(r(2 — a)r(l + a))^^ ■ n/{LA{n) + LB{n)). (Throughout, ipj^j always denotes 
the return time function of some set M under the original map T.) Let iV„ := 
Er=dl>'.4°r|, ^>1, then 

Af„-2 n-1 N„-l 

j=0 k=0 j=0 

since X)fc^=T 'fiE ° T^ — 'PYa ° Fy on Ya for j > 0, where r is the return time of 

Ya under the action of Te, tq :— 0, and tj := X]i=o ''' ° -^Ia' ^ — ^' Therefore, Q 
follows at once if we show that for i e {1,2}, 

(6) ■iMY.'fiY^^^YA^Sa- 



din) ^ 



We verify ^ using 



^ ' j=o 
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for i G {1,2}, and 

(8) 



^^^7V„^1. 



For the moment, assume {TJ and ||HJ), which wiU be proved below. Fix e > and 
take any t > 0, i ^ {1} U {1 — m^^ : m > 1}. (Then t is a point of continuity for the 
distribution function of each (1 — m^^)~Qa, m > 1, a S (0, 1], and of Qi.) Choose 
an integer so large that Pr[(l — m^^)~Qa < t] < Pi'[Ga < ^] + £, and tiq = no{e, m) 
so large that for n > uq, 

Lsin) 



as well as 



^^YA 



MY-^ 



(1 — 771 )n — 2 



■iV„>- 
n m 



<£, 



b{n) 




1 

m 



Go. <t 



For n > no so large that also n/Lsin) > no, we find 

I I i 




b{n/LB{n)) ^ 



n m 



b{n/LB{n)) 

] 

1 



(1 — m )n/ LB{fi')—i 

E 



fYA OT^A-^ 



< 2£ + Pr 1 - 



Ga <t 



<3e + Pr[^a <t]. 



The corresponding lower estimate is proved analogously, and we obtain ^. 

It remains to check {TJ and © • The return time lpya i^ measurable Ya H 72 , 
which is a c.f.-mixing partition for Tya ~ Ty \ya ■ Therefore the return-time process 
{(Pya ° 2V>i)n>o of Yji under T is c.f.-mixing. Hence, by lemma 3.7.4 of |A0| . Y^ is a 
Darling-Kac set for T (and so is Yg). According to the Darling-Kac limit theorem 
(cf. corollary 3.7.3 of [AOp and the asymptotic renewal equation (proposition 3.8.7 
ofUni), forany/ei+(/x), 



(9) 



r(2-a)r(i 



w„{Ya 



E/°^' 



£(u) 



A^(/)3^a, 



fc=0 



provided that the wandering rate {'Wn{YA))n>i of Ya is regularly varying of index 
1 — a, a € [0,1]. Being Darling-Kac sets for T, both Ya and Yb have minimal 
wandering rates, see theorem 3.8.3 of |A0| . and hence Wn{YA) ~ 'Wn{YB) ^ Wn{Y) 
as n — > 00, cf. remark El Consequently, Wn{YA) ~ Wn{Y) = M(Ufc=o ^ '^^) "^ 
Jyi'PY /\n)d^ = LA{n) + LB{n), and La + Lb € 7?.i-q by the assumptions of 
our theorem. Therefore 0, which is the dual version of © with / := ly^, is 
established. (By regular variation of b we may take any fixed i > 1 in Q.) 
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A similar argument proves 0: The induced map Te is a c.e.m.p.t. on {E,AC\ 
E, ^ I^h-e); conservativity and ergodicity are the content of propositions 1.5.1 and 
1.5.2 of |A0| . for the invariance of /z \AnE in the general (i.e. possibly infinite) case, 
see e.g. |He| . The return time r of Ya under Te is measurable 72 and {Te)ya = ^X4 ■ 
Therefore, the return process of Ya under Te is c.f.-mixing which (as before) implies 
that Ya ia a Darling-Kac set for Te- Since r = 1 + Lpy ° Ty on Y^, and /i \Ar\Y is 
invariant under Ty , the wandering rate of Ya under Te is given by 

Cn-l \ n-l 

[Jt^^Ya] =^/i(>^An{T>fc}) 
fc=0 / /c=0 

= m(1a) + ^ m (>a n Tf H'/'r > k}) 

fc=0 
n-2 



/i(yA) + ^ Ai (yi3 n {ipy > k}) 



fe=0 

== h{Ya) + Lein - 1) - ^^(n). 
Again using proposition 3.8.7 and corollary 3.7.3 of |A0| we obtain ©. 

To finally pass to arbitrary sets F E A with ^{F A B) < 00 (equivalently 
fi{F A E) < cx)), take / := 1e\f and / :— 1f\e in lO- Since aB{t) — o{t) implies 
t — o{a^ {t)) as i — > 00, the normalizing sequence in © is o{c{n)) as n ^ 00. We 
therefore see that c(n)~^ ^^"^(Ib — 1^) o T'' — > as n — > 00, completing the 
proof of the theorem. D 

3. Sums versus maxima 

for nonintegrable c.f.-mixing processes 

Our proof of almost sure divergence of the ratios in theorem |21 and its more gen- 
eral abstract version[Slbelow depends on the following result which is of considerable 
interest in itself. 

Theorem 4 (Sums vs maxima for nonintegrable c.f.-mixing processes). Let ^ be a 
c.f.-mixing partition for the m.p.t. S of the probability space (fl, B, P). Suppose that 

(p,ip : n ^ [0, 00) are measurable 7 with J^^ (pdP = 00. Let L^{t) := /q(?A A t) dP, 
a^{t) -.^t/L^it), t > 0. 

If J^a^ o (pdP = 00 (e.g. if L^{t) = 0{L^{t)) as t ^ 00), then 

(10) lim i = 00 a.e. on fl. 

Otherwise, i.e. if Jq a.^ ° ipdP < cxd, we have 

(po S"- 

(11) lim -. — a.e. on ft. 

The corresponding result for the case of iid sequences and ip — ip can be found 
in |Ke| . Let us look at a few specific examples for the theorem. 



Example 3. Observe that in the theorem (p may have a strictly lighter tail than ijj: 
Suppose for example that P[il^ = n] r^ k^ ■ n^^ while P[ip = n] ~ K<p • (n^ log log n)~^ 
as n —f 00, then L^{t) — o{L^,{t)) as t —f 00, but still J„ 17^~ dP — 00, as Abel's 
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series ^^>-^(n logn loglogri)^^ diverges. Analogous examples with heavier tails 
are obtained by taking P[ip — n] ^ Kti, ■ n~^^~^"' , a G (0,1), and P[(p — n] ^ 
Kip ■ n'^^^^'^'{logn)^^ as n -^ oo. 

We are going to use Renyi's extension of the Borel-Cantelli lemma (cf. |E,e| l. 

Lemma 1 (Renyi's Borel-Cantelli Lemma). Assume that (£'«)«> i is a sequence 
of events in the probability space (Q, B, P) for which there is some r G (0, cxi) such 
that 

IiEL[lI±<r whenever j,k>l, J ^k. 

P{E,)P{Ek) - J, - ,Ji- 

Then P{{E„ infinitely often}) > iff^n>i P{En) ~ oo- 

Proof of theorem ^ Notice first that by passing to Yp] + 1 and ["0] + 1 we may 
assume w.l.o.g. that (p,ij} are integer- valued. We set Vn '■— X]fc=o ^ ° ^'^^ "- > 1: 
and a^{t) := t/L-^(t), i > 0, and analogously for ip. Then L^{t),a^{t) y cxd as 
t — !■ cxD, so that in particular a^{s + t) < a^{s) + a^{t) for s,i > 0, which shows 
that 

/ a^i, o if dP = cx) iff I a^ o [ap) dP — cx3 for any c > 0. 
Jn Jn 

Moreover, J^a^ o ip dP — oo since /„ ip dP = oo. 

(i) We begin by showing that the stochastic order of magnitude of i>k is essentially 
given by b^{k), where b^ denotes the inverse function of a^, defined on some (sq, oo), 
and satisfying b^{s) — sLji,{b^{s)). We claim that for t sufficiently small, there is 
some ri{t) > such that 

(12) P (Uk < b^ ('jj\j > r,it) forallfc>l. 

To see this, let {X, A, /x, T) be the conservative ergodic infinite measure preserving 
tower above {fl,B, P, S) with height function ijj, so that fi \Anii= P, S — T^, and 
Ip is the return time of fl under T. By assumption, the return process (ip o S'")„>o 
of fi is c.f.-mixing, so that (by lemma 3.7.4 of |AOj ) $7 is a Darling-Kac set for T. 
For n > 1 we let 

n — 1 ^ 

Nn := V lo o T'' and a„ := / A^„ d/it . 



v2 



The proof of proposition 3.7.1 of |A0) shows that K :— sup„>]^ J^^ (a^^iV„) d/i < 
oo. Moreover, lemma 3.8.5 there implies that r :— sup„>]^ a^(n)/a„ < oo. For 
t G (0, 1) and any n > 1 we therefore have 



i-t< i{w„>ta„}^^d/i< v^- VMf^n{7V^r^to4) , 

Jn ^n 

and hence, if i < r~^, 

(1 - rt)'^ 

^ (fi n {Nn > ta^{n)}) >fi{nn {N,, > im„}) > ^ —-- =: r]it) 

K 

However, 7V„ > ta^{n) iff 4'ta^{n) ^ "•, which proves 1)12(1 . 
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(ii) Now fix any A^ > 1. In order to prove lim ^. — > N a.s., we take any 
t e (0,r~^) and define 

An ■.= nn\pn-^—, — >iv 

and 

B„:^nn{^oS''>Nb^in/t)}, C„ := ^i n {i^„ < b^{n/t)} . 
For arbitrary n > 1 we then have 

An := -Dn n G„ C An- 

Let R :— ^'7(1), the first i/j-mixing coefficient of 7. By c.f.-mixing, R < cx3, and 
e-^ < P{An)/{P{Bn)P{Cn)) < 6^. According to ^, we have P(C„) > ri{t) =: 
7? > 0. We are going to show that 

(13) ^ I I E l3„ - oo [ J > , 

which immediately implies lim ^ — > N a.e. on Y (since this limit function 

is Ty-invariant), thus completing the proof of the proposition. To do so, we use 
lemma n Notice first that if j ^ k, then 

P (A, nAk) <P (B, n Bk) < e^P (B,) P (Bk) 

< ^3R P(A,)P(Ak) 

- P{C,)P{Ck)_ 

< ry-2e3«P(A^.)P(Afe) , 

so that we are in fact in the situation of Renyi's Borel-Cantelli lemma, and it remains 
to check that X]n>i Pi^n) = oo. By our previous observations and S'-invariance of 
P, 



^P(A„)>,ye-^^P(P„) 

n>l n>l 

= Ve--j:p{{ta,Q>n} 

n>l 

>Ve-'t.^J^a,{^)dP-l 



proving pU|) . If L^,[i) = 0{L^{t)) as i ^ oo, then a^ = 0{a^), and J^-^ a^p o ipdP = 
cxD whenever J„ ip dP — oo. 

(iii) To prove the converse, assume that J^a^ o ip dP < cx3, then X]7">i P{{^ ~ 
j}) • flj < Qo as well (use lemma 3.8.5 of |A0) again). Observe also that aj — 

E„>0^({V'n<j'})- Now 

P{W ° S^ > i^n}) - E ^({"^ °S"=j and V„ < j}) 
j>i 

<e«5]P({^^j}).P({V.„<j}), 
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and hence 

n>l j>l n>l 

By Borel-Cantelli we therefore see that hm (po S"/ X]fc=o i^^S^ ^ 1 a-e-, and since 

n — ^oo 

the same argument appUes also appUes to cip for any c > 0, our claim follows. D 

4. Almost sure divergence of the ratios 

Again, let T be a c.e.m.p.t. of the a-finite measure space {X^A^ij,). The ratios 
Sn{A)/Sn{B) of occupation times of disjoint sets of infinite measure may well con- 
verge almost surely. This obviously happens in cyclic situations, take for example 
the sets A, B of even and odd integers for the (null-recurrent) coin-tossing random 
walk. In the examples we are mainly interested in (interval maps with indifferent 
fixed points) this trivial case cannot occur since the sets A, B are dynamically sepa- 
rated by some set Y ^ A with < fJ.{Y) < oo. Still, this condition is not enough to 
enforce almost sure divergence of the ratios, as the following Markov-chain example 
illustrates. 

Example 4 (A renewal chain for which pointwise ratio limits do exist). Let {fk)k>i 
be a probability distribution such that ^kfk < oo hut ^k^fk — oo- Consider 
the renewal chain (X„)„>o associated to (fk), *•£• the Markov chain with state 
space S :— {0, 1, . . .} and transition probabilities Po,k-i = fk o,nd Pk,k-i — 1 for 
k > 1. This irreducible chain has an invariant probability distribution fj, given by 
f-k = fJ-o'^jyk fj' k > 0. According to our moment assumption, Ep[X„] = oo, that 
is, (Xn) is a stationary (under fi) sequence of nonnegative random variables with 
infinite expectation. Nevertheless, 

(14) lim — = a.s., 

n^^ao n 



compare |Ta| . example a). Let us then construct a tower above (Xn), i.e. a 
new chain {Xn) with state space S :— {{k,j) : k £ S,0 < j < 2fc + 1} and 
transition probabilities P(o,o),(fe-i,o) = fk, P{k,j-i),(k,j} = 1 «/ 1 < j < 2fc -f 1, 
and P(k,2k+i),{k-i,a) ~ l? k > 1. This again is a renewal chain. The station- 
ary measure Jl, given by 'ij-(k.j) '■— fJ-k is infinite, i.e. {Xn) is null-recurrent. Let 
Y :— {{k,j) G S : j — or j = k -\- 1}, which has finite measure and dynamically 
separates the two components A :— {(fc, j) : < j < A:} and B := {{k,j) : j > k + 1} 
of its complement. We claim that 

y Sn{A) EVo U{Xk) ^ 

hm — - ~ hm — '^^ — — = 1 a.s. 

n-ooS„(i3) «-- Efc^O iB(Xfc) 

Assume w.l.o.g. that ATq = (0,0), then \ S„(A) — S„(i?) |< Xn„, where Nn '.— 
X]fe=i '^s{Xk), n > 1. By mV , however, we have X^^ — o(iV„) a.s., and since 
Nn — 0{Sn{B)) a.s. (in fact o{Sn{B))), the claim follows. 

The proof of a.s. convergence in this example uses the very strong dependence 
between the respective durations of excursions to A and B. Below we show that a.s. 
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convergence in fact can no longer happen if there is enough independence between 
the excursions. 

Theorem 5 (Almost sure divergence of occupation time ratios). Let T be a c.e.m.p.t. 
of the (j-finite measure space {X,A,fi). Suppose that Y €z A, < ^J'(Y) < oo, dy- 
namically separates A, B ^ A with X — AUBUY (disjoint) and ^{A) + fj.(B) = oo. 

a) Assume that the return time tpy is measurable w.r.t. some c.f. -mixing par- 
tition 7 for Ty , then 

S„(A) — S„(A) 

lim =0 a.e. or hm = oo a.e. (or both). 

n^ocOn(B) n^ooSn(B) 

Now suppose that X = AU B (disjoint), fi{A) ~ fJ-iB) = oo, and ij,{Y) < oo with 
Y := YaUYb := {Br\T-'^A)(j{Ar\T-^B). Assume thatYA, Yb, and the return time 
(fY are measurable w.r.t. some partition 7 such that 72 := 7 V Ty 7 is c.f. -mixing 
for Ty \ya and Ty \yb ■ Let LA{t) := /y^ (v?y A t) dfi, and Ls^t) := Jy^ {(pY A t) dfj., 
t> 0. 

b) IfLsit) ^0{LA{t)), then 

y- S„(A) 

The same conclusion still holds if Jy , ^^ — d/i = 00 and LA{t) = 0{LB{t)). 

c) If La G TZi-a, and Lb G TZi-p, with < j3 < a < 1, then 

V Sn(^) . 

lim =0 a.e. 

The same conclusion still holds ifO<f3 = a<l and Jy a^ o ify dfi < 00, 
where a\ is the inverse of b*A{t) :— 6/1 (t/ log log t) • loglogt, i > 0. 

Example 5. To obtain an example for statement c) of the theorem with a = [3, 
choose return distributions with ^YaVpy = n] ~ ka ■ n~^^^'^' and hybIvy — n] ~ 
KB ■ n-'-^+°'\logn)-'^ . 

Proof of Theorem\^ Assume w.l.o.g. that IJ.{Y) = 1. For part a) of the theorem, 
denote if := ipY, the return time of Y, Ya := Y n T^^A, Yb := Y f] T^^B, and 
define 

n-l n-1 „A 

S^ := Y, UuYa ° ^^ 5,f := ^ IbuYs ° ^^ and i?„ := ^, n > 1. 

fe=0 fc=0 " 

Now if T{^x e Ya, then T^x G A for j e {1, . . . , (^(T^x) - 1}, so that 

S^„+^{x)ix) = S(^„{x)ix) + v{Tyx) and 5'^„^,(^)(x) = S^^^^^ix). 
Consequently, 

Interchanging the roles of A and B, we obtain an analogous estimate with R re- 
placed by i?-i if T^x G Yb. Therefore, 

i?(x) := lim (Ru,„.Ux)ix) ~ Ru,,Jx)ix)) > lim —(x) a.e. on F, 
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and 

R{x) -.^ Van [ R-^ ,Ax)~R-^,Ax)]> lim ^(x) a.e. on F. 

According to our assumption, theorem 0] applies to the induced map Ty to ensure 
that 

(^ o T" 

(15) hm — — oo a.e. on F, 

where again ipn := X]fc=o "^ ° ^y' "- > 1- Since ip = \ o\iY\ (Ya U Yb), the same 
is true along the subsequences where TyX G Ya U Ye- Hence at least one of R 
and R is infinite a.e. on Y , and hence on X due to the T-invariance of these limit 
functions. Therefore lim i?„ = oo or lim R^^ — oo, or both, implying assertion a). 



For the part b), let ip :— ly^ -ipY (so that L^ — La) and ip :— lYAifY + ^Y^Ty). 
We have 

L-4>it) — fi {Ya n {ipY + ipv oTy > s}r\ {ipy < ^Y ° Ty}) ds 
Jo 
t 



+ fl (Ya n {ifiy + Ify oTy > s}n {ify > ify O Ty}) ds, 

Jo 
where ^ (Ya n {ipy + ipy oTy > s}n {ipy < (fy o Ty}) < fi (Ya n {2ipy oTy > s}) < 
fx (Yb n {tfy > |}) and similarly /i (Ya {ipy + (py o Ty > s} O {(py > py o Ty}) < 
fi {Ya n {py > f }). Therefore, 

If LB{t) = 0{LA{t)), then the righthand side is 0{L^(t)). Otherwise, if LA(t) = 
0{LB{t)) and jy^ r^7 dfi^oo, then fy^ T^^ dfi = oo. According to theorem 
01 therefore 

lim ^ = oo a.e. on Ya- 

On the other hand, if x e Ya, then for all n > I, S^^f^^-^^^oT^" {x){^ \ Yb){x) — 
^■4>„{x){A \ Yb){x) + (po T-^"(x) while S^^(^)+^ot2"(x)(^ \ Ya){x) = S^„(2,)(5 \ 
^)(a^) < i^nix). This implies lim„^ooSn(^\ Yb)/S„(-B \ Ya) = oo a.e. and hence 
the assertion of part b). 

Proof of part c) of the theorem. If La € 7?.i-q, ct G (0, 1), then /iy^di^y > 
t}) ^ (1 — a) aA(t)~^ as i — > oo, and oa G 7?-q. Let 6a G 7?.q-i be the inverse of 
OA- According to theorem 5 of |AD| . 

-. n— 1 

(16) lim -— - ^ (^y o T^'^ = K{a) e (0, oo) a.e. on Ya, 

where b*A{t) := bA{t/\oglogt) -loglogt (and hence b\ £ TZa-i). On the other hand, 
theorem 2.4.1 of |A0| implies that 

1 " 

(17) lim — -- V ify o T^'^+i = oo a.e. on Ya 

n^cob\{n) ^ 
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provided that Jy a a ° Vy ° Ty dfi ^ Jy '^*a° Vy d/i < cxd, where a^ is the inverse 
of b\. It is clear that H16|l and (|17ll together give the desired resuh. If /3 < a, then 
Jy ^y dji < go for p < j3, and hence J^ a\ o tpy dfi < oo. D 

5. Application to interval maps 

with indifferent fixed points 

We show how theorems 01 and |S1 apply to the interval maps to yield theorems Q] 
and [21 advertized in the introduction. 



Proof of theorem^ We are going to apply theorem with A := (0, c) and B := 
(c, 1). Standard arguments (compare Tl ) show that Ty ia a uniformly expanding 
piecewise monotone map satisfying "Adler's condition", i.e. TyI{^!y)^ is bounded. 
The return time function ^py is measurable w.r.t. the natural fundamental partition 
7 for Ty . The image of any W € ^ contained in Ya equals Yb and vice versa. 
Therefore 72 is c.f. -mixing for the restrictions of Ty to Ya and Yg. 

As in the proof of theoremEl Lsin) - ^ii[jlZo ^e'^Ya) ~ MdJfe^o ^e'^Y), where 
E -.^ BUYb ^ (/o(c),l). However, it is easily seen that M(Ufe=d ^e ''^) = 
m(^b) + /^(Ufe=o -^-B Ya) ^ WniTs), and Tb is a map from the class studied in 
|T2j . Analogously, Lyi(n) ~ w„(rA). Lemma 5 of T2 therefore shows that 

LA{n)^^J2foa) and i^(r.) ^ Mil '^(1 _ /^(o)) as n ^ 00. 

fc=0 /£ = 

According to lemma 3 (b) of |T4| . Tx ^ x + x^~^P''io{x) near 0+ thus implies 
La G TZi^a- By the same argument, i^ G 7?.o, and theorem (31 applies. Notice 
further that Lsin) ~ /^(Ufe=o "^e^Y) ~ X]fc=o m(^b l^ Wy > k}), and inspection of 
the map T and continuity of h show that ^.{Yb n {(ySy > /c}) ^ h{c) A(Yb n {iy9y > 
k}) - (/i(c)/r'(c-)) • (1 - /f (0)), and similarly for LaIu). Hence 

/io(0) /i(c) /io(l) /i(c) 

and 



c T'(c+) c r'(c-)' 

which gives the constants for the normalizing sequence. D 

The proof of theorem El uses the following observation. 

Lemma 2 (Comparing different indifferent fixed points). Let f,g : [0, k] -^ [0,oo) 
be increasing C^ -functions withO < f{x),g{x) < x for x € (0, k] and f'{0) — g'{0) = 
1. 

a): Assume that x — f{x) — 0{x — 5(2;)) as x ^ 0^ . Then 

n-l Ai-l \ 

^5^"(«) = oK]/J"(«) flsn^oo. 

j=o \j=a J 

b): Assume that "^j^q f-' (k) — 00 with x — f{x) regularly varying of index 
1 + P; P > 1; o-nd that x — f{x) ~ a^^{x — g{x)) for some a £ (0, c«) as 
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X ^ 0~^ . Then 

n—l ^ n—1 

^g^in) ^f{K) asn^oo. 

Proof. We only verify b), the proof of a) being an easier application of the same 
type of argument. Notice first that for any integer q > 1, x~ f'^{x) — X]?=o(/"'(^)~ 
f3+\x)) = E -lo (/'■)' (^j) ■ (^- /W) for suitable (,, e {f{x),x), j e {0, . . . ,q^l}. 
Since (/^)'(0) = 1 for all j > 0, we therefore find that 

J. _ fi(x) 

(18) lim ^-ff- = q for any qeN. 

x^0+ X — f(x) 

Let us then observe that for any m' , m" , q (z N and x,y Cz (0, k], 

n±m" n — l kq—1 fc-1 

(19) Y. /'(^) - E /'(y) ^^d Y. /'(^) ^ ^E /''(^) 

j—7n' j—0 j—0 i—Q 

as n — > cx). The first of these is trivial (using E7">o /"'(^) ~ °°)' fo^ ^^"^ second use 
the first and monotonicity of {f^{x))j>o. Assume now that C > and kc G (0, k] 
are such that x — f{x) < C{x — g{x)) for x € (0, nc]- Choose g, r e N with - > C, 
and expand 

x - f^ix) X - fix) X - /«(a;) x - g{x) 



x~g^{x) X — g{x) x~f{x) x — g^(x)' 
to see by H18|l that x — f^ix) < x — g^{x) for x small, and hence 

(20) g''{x)<f''{x) ioi-xe{0,Tj]. 

Consequently, .g-'' (r/) < f^'^i'n) for all j > 0. According to H19|l we therefore obtain 

ra-l ["/''] [ri/r] qln/r] qn/r 

T.9'i^) - ^ E a'^'iv) < r Y. r(^) --Y. f(v) - ^ E /'(^)- 

j=Q i=0 1=0 ^ j=0 ^ j=Q 

Notice that by lemma 3 of |T4], (Efc^o /''('«))«>i e 7^l_ i , so that X;?"o'' Pif^) ~ 



(r/q)-^ E;=o .P(«)- and we get Ej^o 5^(^) < (1 + ^(l)) (i j E;Co /^(^)- Since 
(7 > a~P and r/g > C were arbitrary, we end up with 

n — 1 ^71 — 1 

^g^(A.)<(l + o(l)).-^/^(^) as 71^ ex., 



a 



and interchanging the roles of / and g completes the proof. D 



Proof of Theorem\^ For the first assertion we may w.l.o.g. take A :— [0,a;2), 
B :— (5:2,1], where X2 is the unique point of period 2 in (0,c), and X2 '■= Tx2- 
Let Y := [a;2,X2], then Ty is a uniformly expanding piecewise onto map with 
countable fundamental partition 7, ipy is measurable 7, and standard arguments 
(compare |TT]) show that Ty satisfies " Adler's condition" , i.e. T"/{T'f is bounded. 
Therefore 7 is c.f.-mixing for Ty, and part a) of theorem |S1 applies. 

Turning to part b) and c), we choose A := (0, c) and B := (c, 1) as in the 
proof of theorem n where we found that this partition satisfies the assumptions of 
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parts b) and c) of theorem and that LA{n) ^ const'^'^^Q /o(l) and Lsin) ~ 
co7isi^^^Q(l — /i(0)). Assertion b) therefore follows from lemma |2 For part c) 
it is enough to recall that (as in the proof of ^ Tx = x + x'^^Pil{x) at 0+ implies 
La G TZi^p-i. Therefore theoremOc) applies. D 

Let us stress that the more subtle situations of nonequivalent rates L^ and Lb 
with the same index of regular variation as in examples |3I and also occur in the 
present setup. Indeed, by arguments analogous to those of theorem 4.8.7 of |A0| . 
given any Li G 7?.-y. , ji S (0, 1), i G {0, 1}, there is some map T satisfying (l)-{3) 
for which LA{t) {LB{t)) is asymptotically equivalent to io(i) (-^i(^)) as t — * cx3. 
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